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Abstract: We demonstrate that dispersion theory allows one to deduce crucial infor-
mation on πη scattering from the final-state interactions of the light mesons visible in the
spectral distributions of the decays B¯0d → J/ψ(π0η,K+K−,K0K¯0). Thus high-quality
measurements of these differential observables are highly desired. The corresponding rates
are predicted to be of the same order of magnitude as those for B¯0d → J/ψπ+π− measured
recently at LHCb, letting the corresponding measurement appear feasible.
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1 Introduction
The interactions of the lightest hadrons, the pions, with themselves as well as with kaons,
the next-lightest strongly-interacting particles within the pseudoscalar ground-state octet,
are known to excellent precision. The combination of dispersion relations in the form of
Roy or Roy–Steiner equations, constrained by chiral perturbation theory at lowest energies
and using experimental data as input, has increased our knowledge of the leading partial
waves of pion–pion [1–4] and pion–kaon [5] scattering enormously. This has a large impact
on a wide range of scattering or decay processes in which pions and kaons are produced:
dispersion relations allow to relate the final-state interactions to the scattering phase shifts
in a model-independent way [6–17]. Both reactions—ππ and πK scattering—are further-
more closely intertwined in the isospin-0 S-wave system, where the reaction ππ → K¯K,
the crossed process of πK scattering, dominates the inelasticity in pion–pion scattering
near the K¯K threshold, the region of the f0(980) resonance; for these (scalar) quantum
numbers, a coupled-channel treatment is mandatory [18, 19].
Information on the scattering of pions off the η, which would complete our understanding
of pion reactions off the pseudoscalar ground-state octet, is much scarcer. Two important
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resonances are known in the I(JP ) = 1(0+) sector, namely the a0(980) and a0(1450) [20].
Several models for the πη S-wave scattering amplitude have been proposed in the litera-
ture [21–25], some of them constrained by the results from chiral perturbation theory at
threshold [26]. Very recently, first information about this amplitude has also come from
lattice QCD simulations [27, 28]. There is one remarkable similarity of πη S-wave scatter-
ing to the ππ I = 0 S-wave, in that also for πη, the first important inelastic channel is
given by K¯K, whose threshold also there coincides with the presence of a scalar resonance,
the isospin-1 a0(980) resonance. Therefore also in this case, a coupled-channel treatment
of πη and K¯K (in I = 1) is required to describe the energy region around 1GeV. A
corresponding unitary T -matrix has recently been constructed in ref. [29], to which chiral
constraints [30] have been imposed as well as experimental information available on the
a0(980) and a0(1450) resonances. However, the result still has considerable uncertainties
due to the limited accuracy of the experimental input.
In this article, we give a theoretical prediction for the decay B¯0d → J/ψπ0η, not measured
so far, in which the properties of the I = 1 πη–K¯K S-wave system and the a0(980) reso-
nance could be further tested. This decay is well suited for such a purpose, because the pro-
duction mechanism is rather strongly constrained. It is closely related to B¯0d → J/ψπ+π−,
which has been analyzed in ref. [16] (together with the similar B¯0s → J/ψπ+π−). There it
has been demonstrated that the S-waves can be described very well in terms of pion (and
kaon) scalar form factors, constructed in a Muskhelishvili–Omne`s formalism. Due to the
ππ–K¯K channel coupling, the isoscalar K¯K S-wave component is related unambiguously
to the ππ final state. However, as the source term is given dominantly in terms of d¯d
quark bilinears, it produces isoscalar and isovector meson pairs with known relative sign
and strengths. With the strength of the dimeson source fixed from experimental data on
B¯0d → J/ψπ+π− [16], and given the analogous isovector scalar form factors for πη and
K¯K [29], we can thus give an absolute prediction for the J/ψπ0η channel. The combi-
nation of isoscalar and isovector scalar form factors for the kaons then allows one to fully
analyze the physical K+K− and K0K¯0 final states. A measurement of these systems (or
likewise the pertinent decay of the charged B-meson associated with the scalar isovector
current u¯d) therefore would allow to further constrain theoretical models for πη scattering,
its phase shifts and inelasticities. Similar predictions for the decays of the B¯0d,s and B
−
mesons into J/ψ and isoscalar and isovector meson pairs have been discussed in the chiral
unitary approach in ref. [31] (see also ref. [32] for a general review about the use of the
chiral unitary approach to study the final-state strong interactions in weak decays).
The outline of this article is as follows. In section 2, elementary kinematics of the decay
B¯0d → J/ψπ0η as well as the calculation of decay rates in terms of the corresponding
matrix elements are described. Flavor relations based on chiral symmetry are discussed
in section 3. We introduce the required dimeson scalar form factors in section 4, and
briefly recapitulate the Omne`s formalism used to describe the latter. Results for B¯0d →
J/ψ
{
πη, K¯K
}
are presented in section 5. We conclude in section 6. Two appendices
provide further arguments for our treatment of the S-waves in terms of scalar form factors,
as well as their dominance for the decays under investigation: appendix A discusses the
relation between scalar form factors and the contributions of S-waves in these B-decays by
– 2 –
PSfrag replacements
B¯0d
π0η
plane
µ+µ−
plane
η
pi0
µ+
µ−
φ
θη θJ/ψ
pi0η J/ψ
Figure 1. Definition of the kinematical variables for B¯0d → J/ψπ0η.
means of a chiral Lagrangian; and in appendix B, we demonstrate the suppression of πη
P -wave contributions both in terms of generic (chiral) power counting arguments, as well
as by two explicit calculations of ψ(2S) and B∗ exchanges that simultaneously address the
importance of left-hand cuts.
2 Kinematics, form factors, decay rate
The kinematics of the decay B¯0d(pB) → J/ψ(pψ)π0(p1)η(p2) (J/ψ → µ+µ−) can be de-
scribed by four variables: the invariant dimeson mass squared, s = (p1 + p2)
2, and three
helicity angles, see figure 1, namely
• the angle θJ/ψ between the µ+ in the J/ψ rest frame (ΣJ/ψ) and the J/ψ in the B¯0d
rest frame (ΣB);
• the angle θη between the η in the π0η center-of-mass frame Σπη and the π0η line-of-
flight in ΣB;
• the angle φ between the π0η and the dimuon planes, where the latter originate from
the decay of the J/ψ.
The three-momenta of the pion or the η in the π0η center-of-mass system (pπη) and that
of the J/ψ in the B¯0d rest frame (pψ) are given by
|pπη | =
λ1/2(s,M2π ,M
2
η )
2
√
s
≡ Y
√
s
2
, |pψ| =
λ1/2(s,m2ψ,m
2
B)
2mB
≡ X
mB
, (2.1)
with the Ka¨lle´n function λ(a, b, c) = a2 + b2 + c2 − 2(ab + ac+ bc). We define two further
Mandelstam variables as
t = (pB − p1)2 and u = (pB − p2)2, (2.2)
where the difference of these two determines the scattering angle θη,
t− u = −2Y X cos θη + ∆m
s
, ∆m = (m
2
B −m2ψ)(M2η −M2π). (2.3)
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We do not spell out the kinematic relations for the K¯K final state explicitly—they can be
obtained from the above in a straightforward manner.
We decompose the matrix element for the decay in the following way:
Mfi = GF√
2
VcbV
∗
cdMeff ,
Meff = fψmψǫ∗µ(pψ, λ)
(
mψP
µ
(0)
X
F0 +
Qµ(‖)√
s
F‖ −
ip¯µ(⊥)√
s
F⊥
)
. (2.4)
fψ ≈ 405MeV denotes the decay constant of the J/ψ, and ǫ∗µ(pψ, λ) the corresponding
polarization vector of helicity λ. The three transversity form factors F0, F‖, and F⊥
correspond to the orthogonal basis of momentum vectors
Pµ(0) = P
µ − P · pψ
p2ψ
pµψ, p¯
µ
(⊥) =
ǫµαβγ
X
(pψ)αPβQγ ,
Qµ(‖) = Q
µ +
p2ψ(P ·Q)− (P · pψ)(Q · pψ)
X2
Pµ +
P 2(Q · pψ)− (P · pψ)(P ·Q)
X2
pµψ, (2.5)
where Pµ = pµ1 + p
µ
2 and Q
µ = pµ1 − pµ2 , thus generalizing the formulae discussed pre-
viously [16, 33] to unequal masses. Again, the relations for the K¯K final state simplify
accordingly. We employ ǫµαβγ with the convention ǫ0123 = −ǫ0123 = +1. The partial-wave
expansions of the transversity form factors up to D-waves read
F0(s, θη) = F (S)0 (s) +
√
3 cos θηF (P )0 (s) +
√
5
2
(
3 cos2 θη − 1
)F (D)0 (s) + . . . ,
F‖,⊥(s, θη) =
√
3
2
(
F (P )‖,⊥ (s) +
√
5 cos θηF (D)‖,⊥ (s)
)
+ . . . . (2.6)
Note that the partial waves defined this way still contain kinematical zeros that have to be
removed for a dispersive treatment [16].
The structure of the matrix element in eq. (2.4), its decomposition in terms of transver-
sity form factors, as well as the partial-wave expansion of the latter is independent of any
factorization assumption, and entirely general. Factorization of the form
Meff = aeff(µ)Mπηµ Mcc¯ µ + . . . , Mπηµ = 〈π0(p1)η(p2)|d¯γµ(1− γ5)b|B¯0d(pB)〉,
Mcc¯ µ = 〈J/ψ(pψ , ǫ)|c¯γµc|0〉, (2.7)
which leads to the same decomposition as in eq. (2.4), is only required if we want to identify
the transversity form factors explicitly with those that, after an isospin rotation, describe
the semileptonic decays B¯0d → π+ηℓ−ν¯ℓ; no such attempt is made in the following study.
The effective coupling aeff(µ) is related to Wilson coefficients of the effective Hamiltonian
for the b→ cc¯d transition [16, 34]; the ellipsis in eq. (2.7) denotes higher-order corrections
to factorization that compensate for the scale dependence in aeff(µ) [35].
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The differential decay rate for the B¯0d → J/ψπ0η decay is given by
d2Γ
d
√
s d cos θη
=
G2F |Vcb|2|Vcd|2f2ψm2ψXY
√
s
4(4π)3m3B
{
|F0(s, θη)|2 + Y 2 sin2 θη
(|F‖(s, θη)|2 + |F⊥(s, θη)|2) }
≈ G
2
F |Vcb|2|Vcd|2f2ψm2ψXY
√
s
4(4π)3m3B
×
{∣∣∣F (S)0 (s) +√3 cos θηF (P )0 (s) +
√
5
2
(
3 cos2 θη − 1
)F (D)0 (s)∣∣∣2
+
3
2
Y 2 sin2 θη
(∣∣∣F (P )‖ +√5 cos θηF (D)‖ (s)
∣∣∣2 + ∣∣∣F (P )⊥ +√5 cos θηF (D)⊥ (s)∣∣∣2
)}
, (2.8)
where in the second step partial waves up to and including D-waves are considered. Most
of the discussion in this article will concentrate on the S-wave only. We show in appendix B
that the P -wave is very small: as we discuss in appendix B.1, the production vertex for
a πη P -wave is chirally suppressed; it is generically smaller relative to the S-wave by a
factor of YM2K/(4πFπ)
2, which around 1GeV amounts to one order of magnitude. In
appendices B.2 and B.3, we have calculated the P -wave contributions generated by t-
and u-channel resonance exchanges, and found them to be even more suppressed than
this generic estimate. Furthermore, the πη P -wave has exotic quantum numbers; final-
state-interaction effects should thus be small below 1GeV. We therefore find it safe to
assume it to be negligible in the energy range considered in this article, and well within
the uncertainty of the S-wave contribution. We will briefly discuss the impact of D-waves
in section 5.1, mainly to demonstrate that they also only become important for dimeson
energies well above 1GeV.
Angular integration of eq. (2.8) yields the differential decay rate
dΓ
d
√
s
=
XY
√
s
2mB
∣∣ C∣∣2{∣∣∣F (S)0 (s)∣∣∣2 + ∣∣∣F (P )0 (s)∣∣∣2 + ∣∣∣F (D)0 (s)∣∣∣2
+ Y 2
(∣∣∣F (P )‖ (s)
∣∣∣2 + ∣∣∣F (D)‖ (s)
∣∣∣2 + ∣∣∣F (P )⊥ (s)∣∣∣2 + ∣∣∣F (D)⊥ (s)∣∣∣2
)}
=
√
4π〈Y 00 〉(s), C =
GFVcbV
∗
cdfψmψ√
(4π)3mB
, (2.9)
where the second equality relates to the angular moment 〈Y 00 〉(s) commonly used by the
LHCb collaboration, in ref. [16] as well as later in this text.
3 Chiral-symmetry-based relations
We discuss now how a relation can be derived between the amplitudes B¯0d → J/ψπ+π−
and B¯0d → J/ψπ0η based on chiral symmetry. We start by writing the effective weak
Hamiltonian in terms of the usual set of 14 operators,
Heff = GF√
2
∑
p=u,c
λp
(
C1Q
p
1 + C2Q
p
2 +
∑
i=3,...,10
CiQi + C7γQ7γ + C8gQ8g
)
+ h.c., (3.1)
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using the same notation as in ref. [36] except for the obvious replacement of s by d, in
particular
λc = VcbV
∗
cd, λu = VubV
∗
ud, (3.2)
and
Qc1 = 4 c¯Lγ
µbL d¯LγµcL, Q
c
2 = 4 c¯
i
Lγ
µbjL d¯
j
Lγµc
i
L,
Qu1 = 4 u¯Lγ
µbL d¯LγµuL, Q
u
2 = 4 u¯
i
Lγ
µbjL d¯
j
Lγµu
i
L, (3.3)
where qL,R =
1
2(1 ∓ γ5)q. For the processes under consideration it is clear, at first, that
the electromagnetic penguin operators Q7−10 as well as Q7γ can be neglected compared
to Qc1, Q
c
2. We make the further assumption that the two operators Q
u
1 , Q
u
2 can also be
neglected. This is justified by the OZI rule: in order to produce a J/ψ in the final state
from the operators Qu1 , Q
u
2 one must proceed via quark-disconnected diagrams involving
three gluons. The OZI rule is known to be quite effective for heavy-quarkonium production
or decays.
The remaining seven operators all transform simply as d¯L under the SU(3)L × SU(3)R
chiral group. We can then construct a chiral Lagrangian that encodes this transformation
property and describes the dynamics in the region where the light pseudoscalar meson
pair has a very small energy; this is detailed in appendix A. At leading order in the chiral
expansion, the following relation can be derived between the B¯0d-decay amplitudes and the
vacuum matrix elements of d¯d operators:
〈J/ψ(π0η)l=0|Od¯|B¯0d〉
〈J/ψ(π+π−)l=0|Od¯|B¯0d〉
=
〈π0η|d¯d|0〉
〈π+π−|d¯d|0〉 . (3.4)
This relation will be used at energy s = 0.
We emphasize that it is important to use chiral symmetry to derive this result rather
than flavor symmetry alone. Indeed, under the flavor symmetry group SU(3)F , the state
(ππ)I=0 appears both in the singlet and in the octet representations, while (πη) belongs
to the octet. Therefore, no relation can be derived between the corresponding B¯0d decay
amplitudes based on flavor symmetry alone. For simplicity, we will however still refer to
these as flavor relations in the following.
4 Scalar form factors and Omne`s formalism
We treat the B¯0d → J/ψπ0η decay in an analogous manner to the J/ψπ+π− final state in
ref. [16], the isospin-0 counterpart of the process considered here. In that case, experiment
has shown that there is no structure visible in the (exotic) J/ψπ+ channel, thus any
crossed-channel processes should be negligible: there are no significant left-hand cuts in
the decay amplitude, which therefore could be described in terms of form factors containing
a right-hand cut only. This assumption is adopted in the ongoing study, where, however,
the justification is not quite so clear: e.g. the ψ(2S) decays into J/ψη, and therefore will
show up as a resonance in the corresponding distribution.1 However, due to the anomalous
1 Actually, the same problem arises already for J/ψpi0, another observed decay channel of the ψ(2S), which
however breaks isospin symmetry and hence is very weak.
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nature of the ψ(2S) → J/ψη vertex, this ψ(2S)-exchange mechanism only contributes
to the transversity form factor F⊥, whose partial-wave expansion begins with a P -wave,
see eq. (2.6), and hence cannot contribute to the π0η S-wave that we will concentrate on
below. In addition, the coupling ψ(2S) → J/ψη violates the OZI rule and is still rather
weak: compare
B(B¯0d → ψ(2S)π0) = (1.17 ± 0.19) × 10−5 [37],
B(ψ(2S)→ J/ψ η) = (3.36 ± 0.05) × 10−2 [20] (4.1)
to B(B¯0d → J/ψπ+π−) = (4.03±0.18)×10−5 [20]; we will see below that the branching ratio
B(B¯0d → J/ψπ0η) is predicted to be of a comparable size. In appendix B.2, we calculated
the ψ(2S)-exchange contribution explicitly and showed that below
√
s ≈ 1.34GeV, where
the ψ(2S) cannot go on-shell, its effect is even more suppressed. We assume that other
charmonium resonances whose exchange in the t- (or even u-)channel can contribute to
the π0η S-wave (such as axialvector ones of negative C-parity) couple similarly weakly.
Furthermore, in appendix B.3 we have studied the effect of t- and u-channel B∗-exchange
diagrams, whose cut contributions lie well outside the physical decay region; however even
then, the pole terms are suppressed in the S-wave due to chiral and heavy-quark symmetry.
We therefore neglect the influence of left-hand cuts altogether.
Adopting the observation of ref. [16] that the B¯0d → J/ψπ+π− S-wave is indeed propor-
tional to the scalar form factor (in particular, not even a linear polynomial is required at
the present accuracy of the data [38]), the B¯0d → J/ψπ0η S-wave amplitude will by analogy
be proportional to the scalar πη isovector form factor defined via〈
π0(p1)η(p2)
∣∣ 1
2(u¯u− d¯d)
∣∣ 0〉 = B0ΓI=1πη (s), (4.2)
which is calculated in a coupled-channel formalism in ref. [29]. Both the isoscalar and the
isovector meson pairs are generated from a pure d¯d source. The isospin decomposition of
the scalar current reads
d¯d = −1
2
(
u¯u− d¯d) + 1
2
(
u¯u+ d¯d
)
, (4.3)
from which we read off the relative strength of the isoscalar to the isovector component,
η0/η1 = −1. Thus given a known isoscalar S-wave CF (S,I=0)0 (s) = Xb¯n0ΓI=0ππ (s) (where b¯n0 is
a subtraction/normalization constant related to the fit constant bn0 introduced in ref. [16]
and the kinematic variable X was defined in eq. (2.1)), with the scalar isoscalar pion form
factor
B0ΓI=0ππ (s) =
〈
π+(p1)π
−(p2)
∣∣ 1
2(u¯u+ d¯d)
∣∣ 0〉 , (4.4)
we can predict the isovector S-wave
CF (S,I=1)0 (s) = −Xb¯n0ΓI=1πη (s). (4.5)
The constant b¯n0 is the same as for the π
+π− final state precisely due to the symmetry
relation (3.4). Similarly, potential linear terms in s multiplying the scalar form factors
would also be symmetry-related for both meson pairs under consideration: as long as
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the data do not suggest the necessity to include such a term in the description of the
B¯0d → J/ψπ+π− S-wave, it will be negligible also in B¯0d → J/ψπ0η. Adopting the fit
results of ref. [16] we have to take into account that the experimental data for the B¯0d →
J/ψπ+π− spectrum [38] (used for the determination of the parameter b0n) is normalized
arbitrarily, i.e. we have to achieve a proper normalization of the π+π− distribution that we
then adapt to the πη prediction. For this purpose we use the absolute branching fraction
B (B¯0d → J/ψπ+π−) = (4.03± 0.18)× 10−5 [20] and define the strength b¯n0 = √Nπbn0 with
the normalization constant [16]
Nπ = B(B¯
0
d → J/ψπ+π−) Γtot(B¯0d)
N(B¯0d → J/ψπ+π−)
, (4.6)
where N(B¯0d → J/ψπ+π−) = 24080.5± 148 is the total number of signal events in ref. [38]
and Γtot(B¯0d) = 1/τ(B¯
0
d), τ(B¯
0
d) = (1.519 ± 0.005) · 10−12s [20]. Two different values were
obtained for bn0 , namely (a) b
n
0 = 10.3GeV
−7/2 corresponding to a fit with only constant
subtraction polynomials for S- and P -waves, and (b) bn0 = 10.6GeV
−7/2, corresponding
to a fit with a linear (in s) contribution to the P -wave polynomial as well as a D-wave
contribution, which had an effect on the ππ S-wave [16, 38]. We therefore obtain b¯n0 =
2.77 · 10−10 GeV−3 and b¯n0 = 2.85 · 10−10 GeV−3, respectively. Due to the large uncertainty
arising from the input phase δ12 (see figure 2) the error in the normalization constant is
completely negligible.
By means of an isospin rotation the πη form factor eq. (4.2) likewise describes the
transition to a charged π+η pair via a u¯d source,〈
π+(p1)η(p2) |u¯d| 0
〉
=
√
2B0ΓI=1πη (s). (4.7)
This straightforwardly allows for a prediction of the charged B± → J/ψπ±η mode as well,
whose differential decay rate dΓ/d
√
s differs from the B¯0d one, eq. (2.9), by a factor 2
(except for negligible kinematical replacements due to isospin-violating mass differences).
In a similar way the B¯0d → J/ψK+K−/K0K¯0 angular moments are derived. Aside from
the appropriate kinematical replacements, now both the isoscalar and isovector S-wave
components contribute, with known relative strengths η0/η1 = −1 or +1 for charged or
neutral kaon systems, respectively, i.e. the S-wave amplitude reads
CG(S)c (s) = Xb¯n0
(
ΓI=0KK(s)− ΓI=1KK(s)
)
,
CG(S)n (s) = Xb¯n0
(
ΓI=0KK(s) + Γ
I=1
KK(s)
)
, (4.8)
where the kaon form factors are defined in analogy to the ππ and πη ones.
The strong coupling of two S-wave pions in the isoscalar case and the πη pair in the
isovector one to K¯K near 1GeV due to the f0(980) and a0(980) resonances, respectively,
causes a sharp onset of the K¯K inelasticity. This necessitates a coupled-channel treatment
of the scalar isoscalar and isovector form factors and we solve the I = 0 ππ–K¯K and the
I = 1 πη–K¯K two-channel Muskhelishvili–Omne`s problems.
For the isoscalar solution of the Muskhelishvili–Omne`s problem the T -matrix parametri-
zation requires three input functions: in addition to the ππ phase shift already necessary
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in the elastic case, modulus and phase of the ππ → K¯K S-wave amplitude also need to be
known. For our main solution, the ππ phase shift is obtained from the Roy equation analysis
by the Bern group [39], the modulus of the ππ → K¯K S-wave is known from the solution
of Roy–Steiner equations for πK scattering performed in Orsay [5], and its phase from
partial-wave analyses [40, 41]. In order to assess the uncertainty of these parametrizations,
as an alternative we also employ the coupled-channel T -matrix constructed in ref. [13] by
fitting to ππ data, the Madrid–Krako´w Roy-equation analysis [4] at low energies, as well
as to Dalitz plots of D+s → π+π−π+ [42] and D+s → K+K−π+ [43].
For the isovector sector, we use the approach of ref. [29]. In that work, a coupled-
channel T -matrix is constructed that fulfills unitarity, and the amplitudes are approxi-
mately matched with the perturbative ones derived from O(p4) chiral perturbation theory.
With this method six phenomenological parameters are introduced, to be determined by
experimental information about the a0(980) and a0(1450) resonances. Specifically, five ex-
perimental constraints are imposed, and hence there is still a one-parameter freedom in
the model that can be associated with the sum of the phase shifts of the πη (δ11) and K¯K
(δ22) channels at the mass of the a0(1450), δ12 ≡ (δ11 + δ22)(s = m2a0(1450)).
The scalar coupled-channel form factors in the Omne`s formalism read(
ΓI=0ππ (s)
2√
3
ΓI=0KK(s)
)
=
(
ΩI=011 (s) Ω
I=0
12 (s)
ΩI=021 (s) Ω
I=0
22 (s)
)
·
(
ΓI=0ππ (0)
2√
3
ΓI=0KK(0)
)
(4.9)
for the isoscalar meson pairs, and(
ΓI=1πη (s)√
2ΓI=1KK(s)
)
=
(
ΩI=111 (s) Ω
I=1
12 (s)
ΩI=121 (s) Ω
I=1
22 (s)
)
·
(
ΓI=1πη (0)√
2ΓI=1KK(0)
)
(4.10)
for the isovector πη–K¯K system. The resulting form factors depend on two normalization
constants ΓIPP ′(0) each that we constrain from their chiral one-loop (or next-to-leading-
order) representations. The ππ and K¯K matrix elements at s = 0 are related to quark-
mass derivatives of the corresponding Goldstone boson masses via the Feynman–Hellmann
theorem, while the πη one obeys a Ward identity relating it to a similar vector-current
matrix element [29]. At leading order in the chiral expansion we find the normalizations
ΓI=0ππ (0) = 1, Γ
I=0
KK(0) =
1
2
, ΓI=1πη (0) =
1√
3
, ΓI=1KK(0) =
1
2
. (4.11)
The next-to-leading order results depend on certain low-energy constants. We emphasize
that for these, the universality of the relative couplings to different mesons, comparing the
scalar form factors and the S-waves appearing in the B¯0d decays, is not guaranteed, and
one might argue in favor of simply using the leading-order relations of eq. (4.11); see
the discussion in appendix A. However, in order to obtain at least a realistic estimate
of the uncertainties induced by next-to-leading-order corrections, we take those from the
scalar form factor matrix elements. The corresponding low-energy constants are determined
in lattice simulations with Nf = 2 + 1 + 1 dynamical flavors at a running scale µ =
– 9 –
770MeV [44], limiting the form factor normalizations to the ranges2
ΓI=0ππ (0) = 0.984 ± 0.006, ΓI=1πη (0) = (0.56 . . . 0.87),
ΓI=0KK(0) = (0.44 . . . 0.68), Γ
I=1
KK(0) = (0.38 . . . 0.56). (4.12)
Since the form factor shape depends on the relative size of the two pairs of normalization
constants, there is some uncertainty in the shape of the isoscalar scalar form factors. The
variations in the isovector form factor normalizations are strongly correlated, i.e. their ratio
for small and large values of the low-energy constants varies at the 5% level only.
5 Coupled-channel and flavor related predictions
As explained in the previous section, in the coupled-channel treatment the relative strengths
between the ππ or πη and the isoscalar or isovector K¯K form factors are fixed, thus the re-
spective final states are related to each other unambiguously. Further, the relative strength
between the production amplitudes of different isospin are known. Hence, since the B¯0d →
J/ψπ+π− parameters were fitted in ref. [16], we can make predictions for the B¯0d → J/ψπ0η
(and the B± → J/ψπ±η) distribution as well as for the B¯0d → J/ψK+K−/K0K¯0 S-wave
amplitudes, which we assume to dominate the differential decay rates in the energy region
considered. The maximal range of this assumed dominance is estimated by predicting the
π0η D-wave as well.
5.1 B¯0
d
→ J/ψpi0η
In figure 2 (left panel) the differential decay rate dΓ/d
√
s for B¯0d → J/ψπ0η is depicted,
predicted by means of the fixed isospin relation from the results for two fit configurations (a)
and (b) of the B¯0d → J/ψπ+π− spectrum [16]. The distribution is shown for three different
input phases δ12 = 90
◦, 110◦, 125◦, limited to an interval compatible with constraints
discussed in ref. [29]. We see that the dependence on δ12, and hence on details of the πη
interaction, is strong, and completely overwhelms the uncertainty due to the production
strength as fixed from the corresponding π+π− channel. In order to provide a clearer
representation, we refrain from showing uncertainty bands due to the I = 1 πη and K¯K
form factor normalizations calculated at next-to-leading order according to eq. (4.12). We
note that the production strength is fixed from B¯0d → J/ψπ+π− fits that were performed
for those combinations of low-energy constant that result in large isoscalar form factor
normalizations [16]; we therefore also choose the isovector form factor normalizations in
the upper allowed range. This corresponds to similar low-energy constants, though not
exactly the same, as we use updated lattice results. Furthermore, the isovector form factor
normalizations depend on additional low-energy constants.
2 Note that in ref. [16] the form factor normalizations are based on lattice simulations with Nf = 2 + 1
dynamical flavors [45], which yields similar ranges. In particular, for the fits performed in ref. [16] the
normalization of the isoscalar kaon form factor was set to ΓI=0KK(0) = 0.6, which is compatible with the
range we use in this analysis.
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Figure 2. Left panel: dΓ/d
√
s for B¯0d → J/ψπ0η. The distribution is plotted for three different
input phases δ12 = 90
◦, 110◦, 125◦ and two normalization constants b¯n0 due to the fits (a) and (b).
The right panel shows the predicted D-wave contribution to dΓ/d
√
s (note the different ranges of
the axes).
Our conclusion is that a measurement of this decay channel will provide important
information on the final-state interactions of the πη S-wave system, and in particular the
a0(980) resonance, which dominates this partial wave in the energy range around 1GeV.
To further substantiate the assumed S-wave dominance, we estimate the πη D-wave
background, which should become significant in the region of the a2(1320) resonance. We
model the a2 by a simple Breit–Wigner shape; its coupling strength is related to that of
the f2(1270) by SU(3) symmetry, which decays to π
+π− and hence is determined in the
B¯0d → J/ψπ+π− analysis of ref. [38]. In the determination of the a2 strength we employ two
ratios: the ratio between the isovector and the isoscalar contributions, eq. (4.3), that yields
a relative minus sign between the B¯0d → J/ψf2 and the B¯0d → J/ψa2 couplings, as well as
the relative strength between the f2 → π+π− and the a02 → π0η couplings. The coupling of
a tensor meson to a pseudoscalar pair is obtained from the interaction Lagrangian [15, 46]
LTPP = gT 〈Tµν{uµ, uν}〉, (5.1)
where 〈.〉 is the trace in flavor space, Tµν contains the a2 and f2 mesons and uµ = i(u†∂µu−
u∂µu
†) the pseudoscalars. As we are interested in the non-strange part of the Lagrangian
only, we use for simplicity the SU(2) representations
Tµν =

 a02√2 + f2√6 a+2
a−2 − a
0
2√
2
+ f2√
6


µν
, u = exp
(
iφ
2Fπ
)
, φ =
(
π0 + η√
3
√
2π+√
2π− −π0 + η√
3
)
,
(5.2)
where Fπ = 92.2MeV denotes the pion decay constant. The coupling constant gT = 28MeV
can be obtained consistently from both the f2 → ππ [46] and the a2 → πη decay [15],
confirming SU(3) symmetry. From the Lagrangian we can finally read off the relative
strength of the coupling to ππ and πη and find g2a2πη = g
2
f2ππ
/3.
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The right panel of figure 2 shows the predicted D-wave. Compared to the S-wave
contribution shown in the left panel the D-wave is negligible in the energy region we
consider here, justifying the assumed S-wave dominance.
Finally we quote the branching fraction for B¯0d → J/ψπ0η from the a0(980) region. We
integrate the spectrum in the region of the a0(980) and find
B (B¯0d → J/ψπ0η) ∣∣∣√
s≤ 1.1GeV
=
1
Γtot(B¯0d)
∫ 1.1GeV
Mpi+Mη
dΓ(B¯0d → J/ψπ0η)
d
√
s
d
√
s
=


(6.0 . . . 6.4)× 10−6 for δ12 = 90◦,
(1.1 . . . 1.2)× 10−5 for δ12 = 110◦,
(1.6 . . . 1.7)× 10−5 for δ12 = 125◦,
(5.3)
where the lower and upper values of the given ranges correspond to the b¯n0 fit results (a)
and (b), respectively. We can compare our results with those of ref. [31]. Even if this latter
work predicts the B¯0d → J/ψηπ0 differential decay width without absolute normalization,
our distribution can be seen to be narrower. We further note that the numbers in eq. (5.3)
are around 3 to 8 times larger than the value (2.2 ± 0.2) × 10−6 estimated in ref. [31],
which however only refers to the a0(980) contribution. To compute it, the authors remove
a smooth but large background from the differential decay. Hence, it is quite natural to
obtain a larger value for this branching ratio than the one quoted in ref. [31].
The corresponding numbers for B(B± → J/ψπ±η)∣∣√
s≤ 1.1GeV are obtained from
eq. (5.3) by multiplying the B¯0d branching fractions with a factor of 2.15, taking into
account the relative isospin factor of 2 and a small correction due to the different lifetimes
of B± and B¯0d [20].
5.2 B¯0
d
→ J/ψK¯K S-wave predictions
In this section we discuss our results for the B¯0d → J/ψK¯K decays, where K¯K can be
either a neutral or a charged kaon pair. Note that a few data points are available for
the latter channel [47]. In ref. [48] properties of the f0(980) are deduced based on an
amplitude analysis including both resonant and non-resonant terms performed in the same
paper. However, on the physical axis a decomposition into resonant and non-resonant
contributions is not possible in a model-independent way. Accordingly the only well-defined
quantity that compares the f0(980) contribution to the a0(980) contribution is
Rf0/a0 =
∫ sp
4M2
K
∣∣X2σK√sΓI=0KK∣∣2ds∫ sp
4M2
K
∣∣X2σK√sΓI=1KK∣∣2ds , (5.4)
which is dominated by the two scalar resonances for values of sp that are not too large.
Our determinations for this quantity are shown in table 1 for different values of the input
phase δ12 and of the upper integration limit sp. There is some weak dependence on sp,
however, as the table clearly shows, Rf0/a0 is very sensitive to the input phase δ12. This
sensitivity is even stronger than the uncertainty on the form factor normalizations, which
are not accurately determined, cf. table 1. A measurement of Rf0/a0 would thus be very
valuable to further constrain the so far badly determined phase δ12.
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Rf0/a0th δ12 = 90◦ δ12 = 100◦ δ12 = 110◦ δ12 = 125◦
√
sp = 1.05 GeV 0.35 . . . 0.46 0.25 . . . 0.35 0.16 . . . 0.23 0.11 . . . 0.15√
sp = 1.20 GeV 0.33 . . . 0.43 0.22 . . . 0.31 0.15 . . . 0.22 0.11 . . . 0.15
Table 1. Theoretical determination of the ratio Rf0/a0 , eq. (5.4), for different values of the phase
δ12 entering in the determination of the I = 1 K¯K form factor, Γ
I=1
KK , and the upper integration
limit sp. The given range for the respective values is due to the uncertainty in the form factor
normalizations.
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Figure 3. Top panels: 〈Y 00 〉(s) for B¯0d → J/ψK+K− (left) and B¯0d → J/ψK0K¯0 (right). The
curves are calculated for different values of the phase δ12 (see text for further details). The error
bands reflect the uncertainties in the normalizations of the form factors. The experimental points
are taken from ref. [47]. Bottom panels: moduli (left) and phases (right) of the scalar form factors
ΓIKK for I = 0, 1. The two bands for the I = 0 form factor refer to the T -matrix solutions of ref. [13]
(DP) and refs. [5, 39] (B+O), respectively.
Next we turn to our predictions for the physical final states, K+K− and K0K¯0.3 In a
very naive picture, we would expect a d¯d source term to produce a pair of neutral kaons
only, and no charged ones. Equation (4.12) in combination with eq. (4.8) suggests that at
3 For simplicity, we discuss the neutral kaon channel in terms of the strong eigenstates. For even partial
waves, the relation to the weak eigenstates, neglecting effects of CP -violation, is given by dΓ(B¯0d →
J/ψKSKS) = dΓ(B¯
0
d → J/ψKLKL) = dΓ(B¯
0
d → J/ψK
0K¯0)/2.
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(the unphysical point) s = 0, this naive view is indeed close to reality. If this behavior
persisted in the energy region around 1GeV, we would expect a destructive interference of
f0(980) and a0(980) for charged kaons, but a constructive one for the neutral pairs.
In figure 3 we present our results for 〈Y 00 〉 for physical K¯K states,4 namely K+K− (left
panel) and K0K¯0 (right panel), which differ by the sign of the interference term between
the isoscalar and the isovector component, according to eq. (4.8). A simple inspection of
the figure shows that the interference pattern anticipated in the previous paragraph does
not hold at all. To understand the origin of this, in the bottom panel of figure 3 we show
the two (I = 0, 1) kaon form factors: we see that the I = 1 one completely dominates
over the I = 0 form factor, or in other words, the a0(980) signal is much stronger than
the f0(980) one; hence, both the K
+K− and K0K¯0 angular moments are dominated by
the I = 1 form factor, which explains why the interference pattern is not the one naively
expected. The small value theoretically obtained for Rf0/a0 is a direct consequence of the
I = 1 dominance found here, as can be seen from its definition, eq. (5.4). The difference
in strengths of the two resonances is somewhat remarkable. It is not due to significant
differences in the pole positions, as the I = 1 T -matrix of ref. [29] uses an a0(980) pole
position (on the second sheet) of√
sIIa0(980) =
(
994 ± 2− i(25.4 ± 5.0))MeV (5.5)
as a constraint [49, 50], while the second-sheet pole of the f0(980) corresponding to our
(main) I = 0 T -matrix parametrization is given by [51]√
sIIf0(980) =
(
996+4−14 − i
(
24+11−3
))
MeV, (5.6)
determined from pion–pion Roy equations. It seems, therefore, that rather the residues
of the resonance couplings to the respective currents are very different, which might be in
conflict with at least a simple interpretation of both scalar resonances as K¯K molecules:
in such a picture, similar binding energies would imply similar coupling strengths to the
K¯K channel according to the Weinberg criterion [52, 53], at least as long as the coupling
to the second channel (ππ and πη) is weak enough to be perturbative.5 More detailed
investigations of the couplings of the scalars to q¯q operators, completing ref. [51] also in
the I = 1 sector, would be very interesting to clarify this issue.
It is remarkable to note that the phase of the two form factors, see bottom right panel
of figure 3, changes almost perfectly in parallel, starting from the πη threshold—the only
4 Note that the decay B¯0d → J/ψK
+K− is dominated by the S-wave. In the K¯K P -wave there are
contributions from the ρ and ω resonances, which, in principle, can be related to the pipi P -wave. These
resonances peak below the K¯K threshold, however, and their contributions are expected to be rather
small above. The contribution from the φ resonance that dominates the K¯K P -wave above threshold
is suppressed by the OZI rule, as we are effectively dealing with a d¯d source. The suppression of the
P -wave (and the dominance of the S-wave) in this decay has indeed been confirmed experimentally in
ref. [47]. Hence, we here include only the S-wave component, and make no attempt to consider K¯K
P -wave amplitudes.
5 Note that the central values for the pole positions quoted in eqs. (5.5), (5.6) also slightly discourage such
a simple picture, as they lie somewhat above the K¯K threshold.
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difference is the low-energy phase growth in the isospin-0 channel, associated with the
f0(500). In a single-channel phase-dispersive Omne`s representation, the isospin-0 will then
roughly equal the isospin-1 form factor, multiplied with a second Omne`s function that
contains the low-energy phase rise between ππ and πη thresholds only. It is easily seen
that this factor, leading to the famous f0(500) enhancement, simultaneously depletes the
resonance signal of the f0(980) quite significantly: while it is (broadly) peaked around√
s = 500MeV, it falls well below 1 around 1GeV, the region of the second resonance.
Finally, it can be seen in figure 3 that the peak in the K+K− angular moment is
located around
√
s ≃ 990MeV and is quite narrow, whereas the K0K¯0 threshold lies at√
s ≃ 995MeV. Accordingly the peak in the K0K¯0 distribution is phase-space suppressed.
There are three experimental points available in the charged kaon spectrum in the region
we investigate, providing a test of our prediction, which is solely based on coupled-channel
and isospin relations.6 Each of the two data points that are located above threshold agrees
with one of our different determinations of 〈Y 00 〉, depending on the value of the input phase
δ12. Tempting as it would be, we refrain from fitting these data points by modifying our
theoretical input. We content ourselves with illustrating that new and improved data would
help in constraining the πη–K¯K form factors, and thus our theoretical understanding of
their final-state interactions and the properties of the a0(980) and (indirectly) the f0(980)
resonances.
6 Summary and outlook
In this paper we demonstrated that experimental data for B¯0d → J/ψ(πη, K¯K) can be
used to further constrain a parameter, δ12, that is crucial to pin down the πη scattering
amplitude. Around 1GeV, the latter is dominated by the pole of the scalar meson a0(980).
A high-accuracy determination of δ12 would, however, need further theoretical development.
In addition, in the scalar sector enhanced isospin-violating effects can occur around the
two-kaon thresholds, driven by both the proximity of resonances in the isoscalar (f0(980))
as well as isovector (a0(980)) channels, and the 8MeV gap between the K
+K− and K0K¯0
thresholds [54]. This phenomenon is usually referred to as a0–f0 mixing in the literature,
and has been argued to be significant for, e.g., η(1405) → 3π [55, 56], weak decays of Ds/Bs
mesons [57], and J/ψ → φπ0η [58, 59]. The predictions of the last mentioned theoretical
calculations were confirmed experimentally at BES-III [60].
First steps towards a rigorous dispersive treatment of a0–f0 mixing are reported in
ref. [61, 62]. An adaption of this formalism to the reactions at hand will be pursued
elsewhere. Here it would in particular be important to perform a detailed study of B¯0s →
J/ψπ0η, since the weak decay that drives the transition leads to a purely isoscalar source.
6 As discussed in the previous section the experimental spectra of the decays with K+K− and pi+pi− meson
pairs are not equally normalized. Thus once the predicted K+K− angular moment, whose calculation is
based on fit results of the pi+pi− spectrum, is compared directly to data, an appropriate normalization
between the K+K− and pi+pi− spectra has to be achieved, in addition to all kinematical replacements.
For details see ref. [16]. Note also that the data we compare to is binned; to compare the spectrum with
charged to the one with neutral kaon pairs in the final states we rescale the latter.
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A Flavor relations from a chiral Lagrangian for B0
d
→ J/ψM1M2
We consider the decays B0d → J/ψM1M2, where Mi is a light pseudoscalar meson (π, K,
η). We assume that there exists a kinematical regime where the light mesons are soft, and
that we can describe the dynamics in this situation via a chiral expansion. We can write a
chiral Lagrangian that reflects the chiral transformation properties of the weak transition
operator following the method described e.g. in ref. [63] for K → ππ and K → 3π decays,
where the K was assumed to be heavy. The two dominant operators have the following
structure:
Od ∼ c¯LγµdL b¯LγµcL, (A.1)
such that, under the chiral symmetry group SU(3)L × SU(3)R, they transform simply as
dL. In order to construct a chiral Lagrangian we introduce a three-vector spurion field tL,
which transforms as
tL → gL tL, gL ∈ SU(3)L, (A.2)
such that t†L(Ou, Od, Os) is a chiral invariant. tL will ultimately be set to tL = (0, 1, 0)
t . The
heavy vector field Ψµ is left invariant by chiral symmetry, while the B0d can be considered
as part of a three-vector B = (B+, B0d , B
0
s )
t, which transforms as
B → hB, (A.3)
where h is the non-linear realization of the chiral group. That is, if U is the chiral field
matrix and U = u2,
U → gR U g†L, u→ gR uh† = hu g†L, gR ∈ SU(3)R. (A.4)
At leading chiral order the Lagrangian that describes the decays B0d → J/ψ + light mesons
has two independent terms:
L1 = g1a t†L u†uµBΨµ + ig1b t†L u†∇µBΨµ + h.c., (A.5)
with
uµ = i(u
†∂µu− u∂µu†), ∇µB = (∂µ + Γµ)B, Γµ = 1
2
(u†∂µu+ u∂µu†), (A.6)
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using the same notation as e.g. in ref. [64]. We are interested in the production of meson
pairs: expanding the Lagrangian (A.5) to quadratic order in the light fields and using
integration by parts, we find
Lφ2
1,B0
d
= − ig1
4F 2π
Ψµ
{
∂µB
0
d
[1
2
(π0)2 + π+π− − 1√
3
π0η +
1
6
η2 +K0K¯0
]
+B0d
[
π+∂µπ
− − π−∂µπ+ + K¯0∂µK0 −K0∂µK¯0
]}
+ h.c., (A.7)
with g1 = 2g1a + g1b. The second line in eq. (A.7) contributes to amplitudes where the
M1M2 pair is in a P -wave (note that there is no contribution to πη at this order). The
first line in eq. (A.7) contributes to amplitudes where the pair is in a relative S-wave. This
gives a set of definite relations among ππ, πη, and K¯K S-wave amplitudes. These are
exactly the same as for the d¯d scalar form factors at chiral order p2. Indeed, the d¯d form
factors at leading order are obtained by expanding the O(p2) chiral Lagrangian piece
L2 = F
2
π
4
〈χ+〉, (A.8)
with χ+ = u
†χu† + uχ†u, χ = 2B0 diag(0, 1, 0). Similar arguments to derive such relations
have also been formulated in ref. [32].
In addition we can write the contributions to the decays of the B+ meson, B+ →
J/ψM1M2, as
Lφ2
1,B+
= − ig1
4F 2π
Ψµ
{
∂µB
+
[√
2
3
π−η +K0K−
]
+B+
[√
2(π0∂µπ
− − π−∂µπ0) +K−∂µK0 −K0∂µK−
]}
+ h.c.. (A.9)
The above derivation is rather general: it does not rely on factorization, the large-Nc
expansion, or other hypotheses. The relations obtained are, however, valid only at leading
order. Indeed, at next-to-leading order, the one-loop divergences of the d¯d form factors are
absorbed into the standard chiral coupling constants Li [30], while the one-loop divergences
of the B0d amplitudes are absorbed into coupling constants g3a, g3b, . . . , pertaining to the
higher-order generalization of the Lagrangian (A.5). These are obviously unrelated to the
couplings Li. It is also likely that the chiral logarithms of the B
0
d amplitudes will be
different from those of the d¯d form factors.
B Estimates for the piη P -waves and left-hand cuts
B.1 Chiral Lagrangians
In order to generate a non-vanishing πη P -wave contribution, the chiral Lagrangian needs
to involve an explicit symmetry-breaking mass term ∝ χ± = u†χu† ± uχ†u, where χ =
2B0 diag(mu,md,ms) is proportional to the quark mass matrix. The lowest-order chiral
Lagrangian that can produce a πη pair in a P -wave is
L3 = g3
8
t†Lu
†B ψµ〈χ+ uµ〉+ g
′
3
16
t†Lu
†uµB ψµ〈χ−〉+ h.c.. (B.1)
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An expansion of L3 to quadratic order in the light fields yields
Lφ23 =
i(M2K −M2π)
4
√
3F 2π
[
(g3 + g
′
3)∂µ(π
0η) + (−g3 + g′3)(∂µπ0η − ∂µηπ0)
]
Bd ψ
µ + . . .+ h.c.,
(B.2)
where the ellipsis denotes terms involving other meson pairs than πη. The last term
contributes to a P -wave amplitude, which we can compare to the S-wave:
M3,P = (g3 − g
′
3)(M
2
K −M2π)
4
√
3F 2π
(pµ1 − pµ2 )ǫ∗µ ,
M1,S = g1 − (g3 + g
′
3)(M
2
K −M2π)
4
√
3F 2π
(pµ1 + p
µ
2 )ǫ
∗
µ . (B.3)
We express the matrix elements in the basis of the momentum vectors eq. (2.5), using
Pµ = (pµ1 + p
µ
2 ) =
P · pψ
m2ψ
pµψ + P
µ
(0),
Qµ = (pµ1 − pµ2 ) =
Q · pψ
m2ψ
pµψ +
(
Y (P · pψ)
X
cos θη −
M2η −M2π
s
)
Pµ(0) +Q
µ
‖ . (B.4)
A natural order of magnitude estimate for the ratio of the chiral coupling constants is
g3 − g′3
g1
∼ 1
Λ2
, Λ ≃ 4πFπ ≃ 1GeV. (B.5)
Putting pieces together, we estimate the P -wave-to-S-wave ratio in the amplitude F0
F (P )0 (s)
F (S)0 (s)
=
(M2K −M2π)Y (P · pψ)√
3Λ2X
+ . . . , (B.6)
and replacing the kinematic functions X, Y , and P · pψ = (m2B − s−m2ψ)/2, we arrive at
F (P )0 (s)
F (S)0 (s)
=
(M2K −M2π)√
3Λ2
λ1/2(s,M2η ,M
2
π)
s
+ . . . , (B.7)
where we have neglected terms of higher order in the chiral expansion.
While this is derived from a chiral Lagrangian, it is plausible that the chiral estimate for
the P -wave should be valid up to
√
s ≃ 1GeV due to the absence of final-state interactions.
Since the final-state interactions for the S-wave increase its value significantly, we can derive
an upper bound for the ratio from (B.7):
|F (P )0 (s)/F (S)0 (s)| . 0.05, (B.8)
which should be valid in the region
√
s ≤ 1GeV.
It is obvious from eqs. (B.3) and (B.4) that the Lagrangian L3 also produces a P -wave in
the transversity form factor F‖. Just for completeness, we in addition show a Lagrangian
term that generates a P -wave in the remaining form factor F⊥:
L4⊥ = g4⊥
8
t†L u
† ǫµναβuµ∇αB ψβ〈χ+uν〉. (B.9)
This also involves an explicit symmetry-breaking mass term, however, as indicated by the
notation, it is of higher chiral order than the terms in eq. (B.1).
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PSfrag replacements
pi η
ψ(2S)B J/ψ
PSfrag replacements
pi/η η/pi
B∗B J/ψ
Figure 4. Left panel: t-channel ψ(2S) exchange diagram; right panel: t/u-channel diagrams for a
B∗ exchange. The weak decay vertex is marked by a gray square in both cases. Note that u-channel
ψ(2S) exchange is negligible due to the isospin suppression of the decay ψ(2S)→ J/ψπ0.
B.2 ψ(2S)-exchange
In this appendix, we calculate the contribution of t-channel exchange of the ψ(2S) ≡ ψ′
resonance to the decay amplitude B¯0d(pB) → J/ψ(pψ)π0(p1)η(p2) as depicted in figure 4
(left panel). We write the vertex for B¯0d(pB)→ ψ′(q)π0(p1) in terms of an effective coupling
constant ζ as
GF√
2
VcbV
∗
cdfψmψ ζ (pB + p1)µǫ
µ∗(q, ν), (B.10)
where ǫ∗µ(q, ν) denotes the polarization vector of the ψ′ with helicity ν, which yields a
partial width
Γ(B¯0d → ψ′π0) =
G2F |Vcb|2|Vcd|2f2ψm2ψ
2
|ζ|2
16π
λ3/2
(
m2B,m
2
ψ′ ,M
2
π
)
m3Bm
2
ψ′
. (B.11)
From the branching fraction B(B¯0d → ψ′π0) = (1.17 ± 0.19) × 10−5 [37] and the life time
τB¯0
d
= (1.519 ± 0.005) × 10−12 s [20], we find
|ζ| ≈ 0.14. (B.12)
The subsequent decay ψ′(q)→ J/ψ(pψ)η(p2) is parametrized in terms of an amplitude
i ξǫµναβ ǫ
µ∗(pψ, λ) pνψ ǫ
α(q, ν) qβ , (B.13)
leading to a partial width
Γ
(
ψ′ → J/ψη) = ξ
2
96π
λ3/2
(
m2ψ′ ,m
2
ψ,M
2
η
)
m3ψ′
. (B.14)
From the branching fraction B(ψ′ → J/ψη) = (3.36 ± 0.05)% and the total width Γ(ψ′) =
(296 ± 8) keV [20], we deduce the coupling |ξ| ≈ 0.218GeV−1. Altogether, ψ′-exchange
leads to a contribution to the B¯0d → J/ψπ0η transversity form factor F (ψ
′)
⊥ of the form
F (ψ′)⊥ (s, t) =
ζξ
√
sX
t−m2ψ′
. (B.15)
The leading P -wave can be obtained from the partial-wave expansion (2.6), we find
F (ψ′)(P )⊥ (s) =
√
3
2
ζξ
√
s
Y
(
w − w
2 − 1
2
log
w + 1
w − 1
)
, (B.16)
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with the kinematical variables X, Y as defined in the main text, and
w =
1
2XY
[
Σ− 2m2ψ′ − s+
∆m
s
]
, Σ = m2B +m
2
ψ +M
2
π +M
2
η . (B.17)
Note that w > 1 except for the interval s ∈ [s1, s2],
s1/2 =
1
2
[
Σ−m2ψ′ −
(m2B −M2π)(m2ψ −M2η )± λ1/2
(
m2B ,m
2
ψ′ ,M
2
π
)
λ1/2
(
m2ψ′ ,m
2
ψ,M
2
η
)
m2ψ′
]
≈ {(1.34GeV)2, (1.83GeV)2}. (B.18)
The ψ(2S)-exchange mechanism contributes by far most of its strength in this interval,
where the resonance can go on-shell, and the partial-wave approximation (B.16) is insuf-
ficient; however, the integrated partial width due to this mechanism, see eq. (4.1), is two
orders of magnitude smaller compared to the one integrated in the a0(980) region, eq. (5.3).
In addition, at energies around 1GeV, in contrast, the P -wave fully dominates the ψ(2S)
exchange, and contributes to the differential decay rate according to
dΓ
d
√
s
∣∣∣∣
ψ(2S)
=
G2F |Vcb|2|Vcd|2f2ψm2ψXY
√
s
2(4π)3m3B
∣∣∣Y 2F (ψ′)(P )⊥ (s)∣∣∣2. (B.19)
We find this to be smaller than the a0(980) signal by about five orders of magnitude:
this particular contribution to the P -wave as well as to the left-hand cut of the process is
entirely negligible.
B.3 B∗-exchange
An alternative mechanism generating a left-hand-cut structure is given by the exchange
of a B∗ meson in either the t- or u-channel, see figure 4 (right panel). In contrast to the
ψ(2S)-exchange discussed in the previous section, the B∗ cannot go on-shell in the decay,
therefore the associated left-hand cut is outside the physical decay region. On the other
hand, the exchange of a B∗ is not suppressed in any obvious manner (such as by the OZI
mechanism), hence it is potentially much more sizable. The coupling of a B/B∗ to a light
pseudoscalar is given by the Lagrangian term [65]
g
2
Tr
[
H¯aHbγνγ5
]
uνba, (B.20)
where Tr[. . .] denotes the Dirac trace, a, b are flavor indices, and H = 12(1+/v)[B
∗
µγ
µ−Bγ5]
is the covariant field combining the pseudoscalar and vector B mesons (B−(∗), B¯0(∗), B¯(∗)s )
of velocity v, taken to be mass-degenerate in the heavy-quark limit. These fields are of
mass dimension 3/2 as factors of
√
mB and
√
mB∗ are absorbed in the B
∗
µ and B fields.
Heavy-flavor symmetry dictates that the same coupling g also determines the couplings of
charmed D/D∗ mesons to light pseudoscalars [with mB → mD in (B.20)]; the resulting
partial width
Γ
(
D+∗ → D+π0) = g2m2D
192πF 2π
λ3/2(m2D∗ ,m
2
D,M
2
π)
m5D∗
(B.21)
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allows one to pin down the coupling g ≈ 0.58. For the weak vertex B∗ → J/ψM2,
M2 = π
0, η, we use a Lagrangian with four different trace structures obeying the desired
transformation behavior under heavy-quark spin symmetry [66],
G˜F t
†
Lu
†
{
Tr
[
(α1 + α2 /v
′)γµ(1− γ5)Jγµ(1− γ5)H¯
]
+Tr
[
γµ(1− γ5)J]Tr [(β1 + β2 /v′)γµ(1− γ5)H¯] },
G˜F =
GF√
2
VcbV
∗
cdfψmψ. (B.22)
J = 12 (1 + /v
′)[Ψµγµ − ηcγ5] combines the lightest pseudoscalar (ηc) and vector (J/ψ)
charmonium fields that carry velocity v′. Similarly to the B-meson fields they are of mass
dimension 3/2 and taken to be mass-degenerate in the heavy-quark limit. We therefore
can relate the required B∗ → J/ψM2 vertex to decays B0 → J/ψM2 and B0 → ηcM2,
Γ
(
B0 → J/ψπ0) = G˜2F
4F 2π
λ1/2(m2B ,m
2
ψ,M
2
π)
16πm3B
(m2B −m2ψ)2
4mBmψ
|α˜1|2 ≈ 3Γ
(
B0 → J/ψη),
Γ
(
B0 → ηcπ0
)
=
G˜2F
4F 2π
λ1/2(m2B ,m
2
ηc ,M
2
π)mηc
16πm2B
∣∣∣∣α˜2 + m
2
B +m
2
ψ
2mBmψ
α˜1
∣∣∣∣
2
≈ |Vcd|
2
2|Vcs|2Γ
(
B0 → ηcK0
)
, α˜1 = 4(α1 + β1), α˜2 = 4(α2 + β2),
(B.23)
for which the branching fractions are measured [20],
B(B0 → J/ψπ0) = (1.76 ± 0.16) × 10−5,
B(B0 → J/ψη) = (1.08 ± 0.24) × 10−5,
B(B0 → ηcK0) = (8.0± 1.2) × 10−4. (B.24)
We therefore can fix the (combinations of) couplings |α˜1| ≈ 0.055GeV, which is the average
of the values determined from the branching fractions into J/ψπ0 and J/ψη, as well as
|α˜2 + (m2B +m2ψ)/(2mBmψ) · α˜1| ≈ 0.028GeV. To satisfy the latter relation, we have two
choices for |α˜2|,7 |α˜2| ≈ 0.035GeV or |α˜2| ≈ 0.091GeV, with the constraint α˜2/α˜1 < 0.
The B∗-exchange graphs for B(pB) → J/ψ(pψ)π0(p1)η(p2) then lead to an amplitude
contribution of the form
MeffB∗ ≈ −
G˜F g
√
m3Bmψ
2
√
3F 2π
{
pµ1
[(
α˜1 +
m2B +m
2
ψ
2mBmψ
α˜2
)
1
t−m2B∗
+
1
m2B∗
(
α˜1 +
mB
mψ
α˜2
)]
+ pµ2
[(
α˜1 +
m2B +m
2
ψ
2mBmψ
α˜2
)
1
u−m2B∗
+
1
m2B∗
(
α˜1 +
mB
mψ
α˜2
)]
+ iǫµναβpψνp2αp1β
α˜2
mψmB
(
1
t−m2B∗
− 1
u−m2B∗
)}
ǫ∗µ(pψ, λ)
7 As a simple estimation of the error due to the unknown sign of α˜1 we focus on the linear combination
of couplings |α˜1 +(m
2
B +m
2
ψ)/(2mBmψ) · α˜2| entering the B
∗ → J/ψM2 amplitude, which is affected by
this uncertainty on a 30% level; therefore we prove the P -wave suppression for both values.
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= −
G˜F g
√
m3Bmψ
4
√
3F 2π
{
Qµ
[(
α˜1 +
m2B +m
2
ψ
2mBmψ
α˜2
)(
1
t−m2B∗
− 1
u−m2B∗
)]
+ Pµ
[(
α˜1 +
m2B +m
2
ψ
2mBmψ
α˜2
)(
1
t−m2B∗
+
1
u−m2B∗
)
+
2
m2B∗
(
α˜1 +
mB
mψ
α˜2
)]
+ iǫµναβpψνPαQβ
α˜2
mψmB
(
1
t−m2B∗
− 1
u−m2B∗
)}
ǫ∗µ(pψ, λ), (B.25)
where terms of order M2π/η/m
2
B or (mB∗ − mB)/mB have been neglected. In order to
project this expression onto the transversity form factors F0, F‖, we need to replace Qµ
by Qµ(‖) = Q
µ + γPµ + . . ., where γ can be read off from eq. (2.5). We find that we can
approximate γ according to
γ = 1 +
2(t−m2B)
m2B −m2ψ
+O(s,M2π ,M2η ) = −1− 2(u−m2B)m2B −m2ψ +O
(
s,M2π ,M
2
η
)
, (B.26)
such that
F (B∗)0 (s, t, u) =
g
√
mBmψX√
3F 2π
1
m2B −m2ψ
(
α˜2 +
m2B +m
2
ψ
2mBmψ
α˜1
)
,
F (B∗)‖ (s, t, u) = −
g
√
m3Bmψ s
4
√
3F 2π
(
α˜1 +
m2B +m
2
ψ
2mBmψ
α˜2
)[
1
t−m2B∗
− 1
u−m2B∗
]
,
F (B∗)⊥ (s, t, u) =
g
√
mB sX
4
√
3mψF 2π
α˜2
[
1
t−m2B∗
− 1
u−m2B∗
]
. (B.27)
The partial-wave expansion of F (B∗)0 contains an S-wave only. We find that the S-wave
expression induced by B∗-exchange does not actually include a left-hand cut: the t- and
u-channel pole contributions cancel, leaving behind an effectively point-like source for an
S-wave πη pair. In this way, B∗-exchange provides a model for the coupling constant that
was obtained purely phenomenologically by fitting to data in the main text. In order to
compare the strength of the B∗-exchange-induced S-wave to the phenomenological one,
we calculate the analogue of the (fitted and afterwards properly normalized) constant
b¯n0 ≈ 2.8 · 10−10GeV−3 by means of eq. (4.5). We find a strength |b¯B
∗
0 | ≈ 1.6 · 10−10GeV−3:
the combination of the two couplings α˜1/2 is exactly the one fixed from B
0 → ηcK0
above, hence the ambiguity in α˜2 just translates into a sign ambiguity once more. The
effective coupling strength therefore indeed produces an S-wave rate of the correct order of
magnitude, pointing towards an essential role of the B∗ in the explanation of the production
mechanism; a more systematic investigation of this strength is beyond the scope of the
present article.
Our main focus here is rather on the P -waves in F (B∗)‖ and F
(B∗)
⊥ , which are given by
F (B∗)(P )‖ (s) = −
g
√
m3Bmψ s
4
√
2F 2π
(
α˜1 +
m2B +m
2
ψ
2mBmψ
α˜2
)
1
XY
(
v+ −
v2+ − 1
2
log
v+ + 1
v+ − 1
− v− +
v2− − 1
2
log
v− + 1
v− − 1
)
,
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F (B∗)(P )⊥ (s) =
g
√
mB s
4
√
2mψF 2π
α˜2
Y
(
v+ −
v2+ − 1
2
log
v+ + 1
v+ − 1 − v− +
v2− − 1
2
log
v− + 1
v− − 1
)
,
v± =
1
2XY
[
Σ− 2m2B∗ − s±
∆m
s
]
, (B.28)
and the pairs of terms depending on v±, coming from the t- and u-channel pole terms,
almost cancel each other (such that the D-waves are actually as large as the P -waves
around
√
s ≈ 1GeV). Both yield contributions to dΓ/d√s suppressed relative to F (B∗)0
by two orders of magnitude, proving yet again the strong dominance of the S-wave in this
decay.
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